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Prisoner’s Dilemma
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A’s Dominant Strategy
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B’s Dominant Strategy

H Person A I

B: 3 years

Person B

A: 3 years

B: 0 years B: 2 years




Pareto Optimality
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The strategically dominant outcome (D, D) does not lie on the Pareto front




Nash Equilibria: Spousal Game

Spouse A
Both spouses prefer each
others company.

Failing that, they’d
prefer to work late
vs. staying home alone.

...No strategic dominance!

Spouse B

What happens when
e look at regret?




Nash Equilibria: Regret

Spouse A

In gray nodes, both spouses
feel regret (arrows exiting node)

Nodes w/ zero regret
are Nash Equilibria

This example has two
equilibra.

Spouse B




The Importance Of Equilibria

Not every game features strategic dominance.
e Prisoner’s Dilemma did, the Spousal Game did not.

Theorem: every finite game features at least one Nash equilibrium.
e Over time, rational players will tend to gravitate towards one of t
equilibria, even if the utility topology is not perfectly known.

Sometimes we want to compare “selfish” outcomes with “designed” out

e Let Price of Anarchy refer to the ratio btw worst equilibrium & best
outcome

e Let Price Of Stability refer to the ratio btw best equilibrium & best
outcome.




Nash Equilibria:

Does this example
have equilibria?

... Nope!

So it looks like we
have already
disproven our
theorem...
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Nash Equilibria: Mixed Strategies

H Player A I

We see no
deterministic Nash
equilibria, but having
such a “pure”
strategy in R/P/S is a
bad idea...

What happens when
we allow players to
adopt

“mixed” (non-
deterministic)
trategies?

he mixed strategy
3, /3, ¥3 ] produces a
sh equilibria!

Player B

CI1Ssor
S

Scissors
Tie —» Awins <€— B wins
| A 4
v |
B wins Tie & A wins
A >
I v
Tie

A wins :l— B wins




Potential function

» Potential function - a function that
captures the incentive of the players to
change strategies.

Sum of the utilities

P(S) — P(S) = ui(§") — ui(S)

» Potential game - game characterized by a
potential function.

» Nash equilibrium relation - local optima
of the potential function




Example - Resource allocation
(Uh,y...,U,,C)
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Potential function on
resource allocation

Dpalar, ..., z,) =Y Uilxs),

i=1

i) = (1-2) e + 2 (= [ ity

» The function is
» strictly concave
» increasing

» continuously differentiable.

» The above shows the equilibrium
exists and it is unique.




Price of anarchy bound
analysis

U(x) + U'(&)(z* — &)
» Lower bound on the price of anarchy is % Uz*) '
» Utility in equilibrium:  [7(£) = U7"(z) - [1 — (£ /C)].
» Optimal allocation x* = C - -

U(#) + U'(@) (2" —3) = U#)+ 11 - f: U(#) (2" — )
> U@+ (1- %) (U6) - U@)
(BN & ,
- (=, -U(I}+(1—F)-U[I}
(&\* . i .
> = Uz ) + (1_3_*) -U(x*)
= E . U[f}!
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Potential games

Characteristics

Rosenthal’s Theorem - Pure equilibria always
exists

Best response dynamics converges to Nash
Equilibria

Price of stability can be bounded using the
potential function technique




Types of potential games

When the strategy changes:

>
>

>

>

>

Other classical examples:

>
>

Exact - delta of potential function equals delta in utility

Weighted - delta of potential function when strategy changes is a p
the delta in utility

Ordinal - a positive change in the potential function guarantees an
in utility, and vice-versa.

Generalized - a positive change in the potential function guarantees
increase in utility

Best response - players aim at maximizing each parties profit.

Routing Games
Location Games
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